Abstract. We prove that two arithmetically signi cant extensions of a eld F coincide if and only if the Witt ring W F is a group ring Z=n G]. Furthermore, working modulo squares with Galois groups which are 2-groups, we establish a theorem analogous to Hilbert's theorem 90 and show that an identity linking the cohomological dimension of the Galois group of the quadratic closure of F , the length of a ltration on a certain module over a Galois group, and the dimension over F 2 of the square class group of the eld holds for a number of interesting families of elds. Finally, we discuss the cohomology of a particular Galois group in a topological context.
Introduction
In recent years substantial breakthroughs have been made in the study of the cohomology of absolute Galois groups, culminating in Voevodsky's proof of the Milnor conjecture 31]. These results severely restrict possible absolute Galois groups of elds and it seems virtually certain that they will have purely eld-theoretic consequences. Such results are not easily derived, however, and in fact only a few theorems of this type have appeared (for some examples the reader may consult 18, 24, 30] ). The goal of this paper is to obtain some results in eld theory as consequences of Merkurjev's theorem 23] . The techniques we use are somewhat varied; for example, we study the square class group of a eld as a module for a Galois group and relate its socle series to the E 1; 1 1 -term of a spectral sequence. We are then able to obtain information on this term of the spectral sequence using techniques from the theory of binary quadratic forms. In the study of particular examples our techniques become more specialized, for example, at one point we make essential use of the main theorem of local class eld theory.
Throughout the paper, F will denote a eld whose characteristic is not 2. We write F (2) for the eld obtained by adjoining all the square roots of elements of F. Now let F f3g = (F (2) ) (2) and Gal(F (2) =F) = G 2] F . We introduce the following de nition: the V-group of F is the Galois group G f3g F = Gal(F f3g =F). In 24] Min a c and Spira de ned an extension of F whose Galois group is closely related to the Witt ring of F. Let F (3) be the extension of F (2) obtained by adjoining the square roots of elements 2 F (2) such that F (2) ( p ) is Galois over F. F (3) is a Galois extension of F and we recall that the W-group of F is the Galois group G F = Gal(F (3) 
=F). Of
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F . Furthermore, it follows immediately from the de nitions that G F = G f3g
F if and only if F f3g = F (3) . In this paper we use tools from the cohomology of groups to study these Galois groups and the eld-theoretic information they may contain. Our rst result is a characterization of C-elds (i.e. elds F such that the Witt ring W F is isomorphic to a group ring of the form Z=nZ G]): Theorem. (3.1) The W-group of F is the same as the V-group of F if and only if F is a C-eld.
The proof makes use of a theorem due to Merkurjev as well as a description of the E 1; 1 1 term of the mod 2 Lyndon-Hochschild-Serre spectral sequence associated to the Frattini extension for G F . We introduce a length invariant associated to F as follows. Let J := _ F (2) =( _ F (2) ) 2 , regarded as a G 2] F -module. The socle series of J, 0 = J 0 J 1 J 2 J has nite length l (i.e. J l = J) if _ F= _ F 2 is nite. This length is an invariant of the eld, which we will write as l(F).
One of the key results used in our proof is Proposition. (3.10) In the mod 2 Lyndon{Hochschild{Serre spectral sequence for the group extension 1 ! ! G F ! G 2] F ! 1, we have E 1;1 1 J 2 =J 1 . Next we obtain a result reminiscent of Hilbert's Theorem 90, describing the elements in the kernel of the di erential d 2 . While the proof of this theorem depends on Proposition 3.10 and hence indirectly on Merkurjev's theorem, we provide a combinatorial, group-theoretic proof of \half" of the theorem in an appendix (x7). One should observe that this result is a practical criterion for the existence of elements j] from J 2 with prescribed images under the action of the Galois group G 2] F . We illustrate this in a detailed way in a special example when the W{group is the universal W{group on two generators (see example 4.2). Moreover this theorem fully describes the G 2] F {module J 2 .
Let G q := Gal(F q =F), where F q is a quadratic closure of F. Our next result provides a formula for the cohomological dimension of G q for certain non-formally real elds in terms of the length function l(F):
Theorem. (5.2, 5.3, 5.15) Let F be a eld of which is not formally real, and assume that j _ F= _ F 2 j = 2 n . Then if F is a C-eld, a local eld, or a eld such that G q is free, we have l(F) + cd(G q ) = n + 1.
Finally in our last section we make an explicit analysis of the mod 2 cohomology of the Vgroup arising when G q is the free pro-2-group on 2 generators (denoted V (2) , a group of order 2 7 ). We obtain its Poincar e series as well as some rather interesting topological information.
Proposition. (6.4 This paper is organized as follows: in x2 we describe preliminary de nitions and basic facts about the Galois groups considered here; in x3 we prove the characterization of C-elds and introduce the length of F; in x4 we prove our analogue of Hilbert's Theorem 90; in x5 we discuss our results relating l(F) with cd(G q ) for examples such as local elds; and nally in x6
we provide a fairly complete cohomological analysis of the group V (2) and of a 5-dimensional crystallographic group associated to it.
A few comments about notation may be helpful. We shall have several uses for the cyclic group of order two, and thus as many notations for it. Generally, we denote this group by Z=2Z, but when we regard it as the group of square roots of unity in a eld, we write it 2 , and when we consider the eld of two elements, used as coe cients for cohomology, we write F 2 . Generally, we do not specify the coe cients for our cohomology theories, and in such cases F 2 -coe cients are to be understood. When we use other coe cient rings, they will be speci ed.
Preliminaries
Let F denote a eld of characteristic di erent from two, and denote by F (2) the eld obtained by adjoining all the square roots of elements of F. Now let F f3g = (F (2) ) (2) . From Kummer theory it is easy to see that F (2) is a Galois extension of F, and if B is a basis of _ F= _ F 2 , then the Galois group of F (2) Of course F (3) F f3g , so that G F is a quotient of G f3g
F . We will frequently make use of this fact without explicit mention. Furthermore, it follows immediately from the de nitions that G F = G f3g F if and only if F f3g = F (3) . Now we introduce the Galois group of the quadratic closure and one of its subgroups:
De nition 2.4. Let G q := Gal(F q =F), where F q is a quadratic closure of F, and set G (2) := Gal(F q =F (2) ).
Note that G q =G (2) = G 2] F and that the V-group is determined by G q , namely if (G (2) ) denotes the Frattini subgroup of G (2) , then from our de nition it follows that G f3g F = G q = (G (2) ): From the above we obtain that there is an extension of elementary abelian groups
where the action on the kernel can be highly non-trivial. We will often abbreviate G 2] F (2) by simply using the symbol A. From the point of view of group theory, the V-group of the eld F is simply the extension of G 2] F obtained by taking the quotient of G q by the Frattini subgroup of G (2) .
We will be especially interested in the case when G q is a free pro-2-group on n generators. From the analysis in 24] we know that in this case the W-group maps onto any W-group arising from a eld with n-dimensional group of square classes, hence it is referred to as the universal W-group W(n). Similarly the V-group arising from this situation will enjoy an analogous universal property and we denote it by V (n).
In this case the group G (2) can be identi ed with the Frattini subgroup of the free pro-2-group G q , hence it is a free pro-2-group of rank 2 n (n ? (3) . As we noted in the rst paragraph of this proof, if I = ?, this is trivial, so (although it is not logically necessary) we can eliminate the need to keep track of trivial cases by assuming that jIj 1. To show that F f3g = F (3) we will show show for each 2 _ F (2) that F (2) ( p )=F is Galois, so that F f3g F (3) , and hence F f3g = F (3) . Our method of demonstrating that F (2) ( p )=F is Galois will be to prove something a bit stronger, namely that for each 2 _ F (2) there is an a 2 _
which is a Galois extension of F since p ?1 2 F (2) . So, let us take 2 _ F (2) and seek an element a 2 _
Note rst that 2 F( p a 1 ; : : : ; p a n ) for some elements a 1 ; : : : ; a n of F, and that we may take a 1 ]; : : : ; a n ] to be linearly independent in _ F= _ F 2 . Writing K := F( p a 1 ; : : : ; p a n ) and using (2) . This completes the proof that F f3g = F (3) for C-elds of level 1. The proofs of Lemmas 3.4 and 3.6 are quite similar to the proof above and so we give a somewhat abbreviated presentation.
Proof of Lemma 3.4. We follow the same plan: we show that for each 2 _ F (2) there is an a 2 _
Galois, so that F f3g = F (3) . (2) .
The proof that F f3g = F (3) is then completed my mimicking the details at the end of the proof of Lemma 3.5.
The proof of Lemma 3.6 will involve an appeal to the following fact, whose proof can be found in 32].
Lemma 3.9. Let K=F be a Galois extension and a an element of _ K. Then the extension K( p a)=F is Galois if and only if (a) a is a square in _ K for every 2 Gal(K=F ). Proof of Lemma 3.6. As in the proof of Lemma 3.5, it is enough to show that for each 2 _ F (2) that F (2) (2) , while if we take = y, we may use Lemma 3.9, and note that (y) y is either y 2 , which is obviously a square, or N F ( p ?1)=F (y), which is an element of F and therefore a square in F (2) .
For the other half of the proof we will use group cohomology and a result due to Merkurjev. Our basic goal is the identi cation of the E 1;1 1 -term of the Lyndon-Hochschild-Serre spectral sequence for the group extension
in terms of information in the V-group of F, G f3g F . To describe this information, we rst introduce some notation. 1 J 2 =J 1 . Note that the group extension is one for the W-group, but that the group J 2 =J 1 comes from the V-group. Thus, this fact is more subtle than it looks. In fact its proof involves the use of Merkurjev's theorem in an essential way.
Consider the commutative diagram of extensions: 1
We shall denote the spectral sequences for the mod 2 cohomology of G F and G q by E and E respectively. There is an induced map from E 1;1 2 to E 1;1 2 , for which we will write . We can now show that if F is not a C-eld, then the V-group of F is not the W-group of F. The proof of this fact is based on an examination of the spectral sequence for the cohomology of the W-group (3.15) and an identi cation of part of the E 1 -term of that spectral sequence with information contained in the V-group (Lemma 3.14).
Lemma 3.14. The following conditions are equivalent:
Proof. 1 , 2. We need the fact that an extension F (2) This follows from Lemma 3.9.
We have shown that F (3) is obtained from F (2) by adjoining the square roots of elements in J 1 , while F f3g is obtained by adjoining the square roots of elements in J. Therefore we have F is nite. This is because we may choose a representative of j, which is an element of _ F (2) , hence algebraic over F, so that any image of this element under the action of the Galois group satis es the same minimal polynomial. Therefore, if | 2 J=J 1 , the G 2] Now we turn to the study of the spectral sequence for the group extension
We will show that if F is not a C-eld, then there are classes in the spectral sequence that survive to E 1;1 1 . More precisely we will prove: Proposition 3.15. Suppose F is not a C-eld. Then in the spectral sequence for the cohomology of G F , E 1;1 1 6 = 0.
In the proof of this proposition we will need the following lemma which follows from 21, theorem 2. We have seen how methods from group cohomology can be used to characterize certain elds. In this section we make an explicit analysis of the kernel of the cohomological di erential d 2 used previously and interpret the result in eld-theoretic terms. From this we obtain a result which is reminiscent of Hilbert's Theorem 90. Set G (2) := Gal(F q =F (2) ). Then G (2) is an open subgroup of G q , since here j _ F= _ F 2 j = 4 < 1.
Then by the aforementioned formula we have dim F 2 H 1 (G (2) ) = 4(dim H 1 (G q ) ? 1) + 1:
Hence we see that dim F 2 H 1 (G (2) ) = 5. From Pontrjagin duality we know that J = _ F (2) =( _ F (2) ) 2 = H 1 (G (2) ): Thus dim F 2 J = 5. Since dim F 2 J 1 = 3 and dim F 2 J 2 =J 1 = 2 we see that l(J) = 2. This means J 2 = J.
Therefore we have the following extension 1 ! A ! G f3g F ! Z=2Z Z=2Z ! 1 Our group A = (Z=2Z) 5 We shall provide some examples of classes of elds for which equality holds in the equation above. In the remainder of this section we show that equality holds in the following cases:
rst, if F (in addition to satisfying the hypotheses of the question) is also a C-eld, second, if G F W(n), and third, if F is a local eld. Proposition 5.2. Let F be a C-eld which is not formally real, and suppose in addition that j _ F= _ F 2 j = 2 n . Then l(F) + cd(G q ) = n + 1. Proof. We have shown that for C-elds, G F = G f3g F , so that J = J 1 and l(F) = 1. So we must show that cd(G q ) = n. From the isomorphism between Galois cohomology and the Witt ring given by the Milnor conjecture, it is enough to show that I n F=I n+1 F 6 = 0 and that I n+1 F=I n+2 F = 0, where I n F is the n-th power of the fundamental ideal in the Witt ring.
Ware 32] has shown for elds satisfying our hypotheses that I n F 6 = 0, while it follows from a result of Kneser 21, p. 317] and the basic theory of P ster forms that I n+1 F = 0 in this case.
We shall show in what follows that the G 2] F -module J can be studied in a very concrete way. In the following examples we will use the identi cation of J 2 =J 1 as E 1;1 1 to calculate dim F 2 (J 2 =J 1 ) in some interesting special cases.
Example 5.3. Suppose that G F = W(n). Then it follows from 2, 6.12] that dim F 2 (E 1;1 1 ) = n(n+1)(n?1)=3. In fact in this case the group G q is a free pro-2-group, which means that it has cohomological dimension equal to one. In this case we have identi ed the module J with the G 2] F module 2 (F 2 ), which is known to have a socle series of length n. Hence l(F)+cd(G q ) = n+1, as asserted above. Remark 5.4. To see that the l( 2 (F 2 )) = n, one can use Remark 5.13 to see that it is enough to prove the surjectivity of N F (2) =F . This surjectivity follows by repeatedly applying surjectivity for quadratic extensions K which connect F to F (2) . The surjectivity for quadratic extensions follows from the fact that each quaternion algebra de ned over K will split over K. To see that this last assertion is true, note that G q (F ) is free, and hence that G q (K) G q (F ) is also free.
It seems natural to explore the situation for 2-dimensional groups. We recall (2) F := Gal(F q =F (2) ). Then H is an open subgroup of G q and G q : H] = 2 n . Therefore from the above we obtain r H = 2 n (n ? 2) + 2. However from Kummer theory we know that r H = dim F 2 _ F (2) =( _ F (2) ) 2 = dim F 2 J.
To further our understanding of the G 2] F -module J we look again at some of the examples above:
Example 5.8. Let Proof. From our description of J n?1 and the triviality of the map induced by the norm, we infer that J = J n?1 , whence l(F) n ? 1. Taking a quadratic extension F K F (2) we see that in the socle series for J as a Gal(F (2) It seems rather complicated to verify the relationship above for other types of elds. We brie y outline a more cohomological approach.
Given any nitely generated F 2 G 2] Proposition 5.16. Suppose that H and G are pro-2-groups, which are topologically nitely generated, G of nite (continuous) cohomological dimension k at the prime 2, and which have nite total mod 2 cohomology. Assume in addition that E is an elementary abelian 2-group of rank equal to n, and that H; F 2 ) ) n ? 1, and therefore l(H 1 (H; F 2 )) n ? 1.
As an immediate consequence of the above we obtain a di erent proof of the inequality l(F) n ? 1 for elds F such that G q is Demu skin. As indicated by this cohomological method, the ltration lengths of higher cohomology groups will probably play a role in any generalization of this question to groups of larger cohomological dimension.
6. The Cohomology of V (2) In this section we study the cohomology of the universal V-group V (2) de ned previously. We will rst describe some basic facts about V (n) expressing it in terms of certain group extensions which will be useful in computing and interpreting cohomology. Our point of view will closely follow the analysis of W-groups made in 2], so we will be brief. Many of the calculations described below can be done partially or entirely using a computer algebra system such as Magma 8] , so almost all detailed justi cations are omitted.
We begin by taking the standard surjection from the free group on n-generators F n onto the elementary abelian group E n = (Z=2Z) n , with kernel the free group on 2 n (n?1)+1 generators.
Associated to this we have the free abelianized extension 1 ! M ! X(n) ! E n ! 1 where M is a ZE n lattice of rank as above. It is elementary to verify (see 20] for details) that, as a ZE n { module, M is isomorphic to 2 (Z), the second dimension shift of the trivial module. Factoring out the submodule 2M, we recover an expression for V (n) as an extension of nite groups, 1 ! M=2M ! V (n) ! E n ! 1. This has a simple interpretation: the module M=2M = 2 (F 2 ) has a unique non zero class in its second cohomology group H 2 (E n ; 2 (F 2 )) = F 2 ; the group V (n) realizes this extension class. Similarly, the group X(n) is a Bieberbach group (see 35]) corresponding to the canonical generator in H 2 (E n ; 2 (Z)) = Z=jE n j; it is also expressed as an extension 1 ! 2M ! X(n) ! V (n) ! 1.
The comments above show that the group V (n) acts freely on a 2 n (n ? 1) + 1-dimensional torus, with quotient the classifying space of X(n). In turn this space can be obtained as the orbit space of a free E n -action on such a torus. The cohomology of these euclidean space forms is not easy to compute, and we shall see that even the case n = 2 poses some interesting technical problems. We should also point out that from the de nition of the V-groups we can also express it as an extension 1 ! U r ! V (n) ! W(n) ! 1 where U r is a subgroup isomorphic to (Z=2Z) r , r = 2 n (n?1)?n?
? n 2 +1. An important thing to note is that the rank of the largest elementary abelian subgroup in V (n) is precisely equal r + n + ? n 2 , or in other words the rank of V (n) di ers from the rank of W(n) exactly by the quantity r.
We will now concentrate on the case n = 2. Our rst result is about the group X(2): we study its mod 2 cohomology via the spectral sequence for the extension 1 ! Z 5 ! X(2) ! Z=2Z Z=2Z ! 1. The Z=2Z Z=2Z-module structure of the kernel is known, so we can obtain the Z=2Z Z=2Z-module structure of the cohomology from the fact that H (Z 5 We now note that all this implies Proposition 6.1. In the spectral sequence for the extension 1 ! Z 5 ! X(2) ! Z=2Z Z=2Z ! 1, E p;q 3 = 0 for p > 1, and E 3 = E 1 . A little more attention to detail gives also Proposition 6.2. The Poincar e Series for the cohomology of X(2) is 1+2t+5t 2 +5t 3 +2t 4 +t 5 .
A method similar to that of the previous section could be used to study the cohomology of V (2) . However, this group has order only 2 7 , and its cohomology can thus be studied in great detail with a computer. In particular, information on this group is available at Carlson's well-known web site 12] .
As the details of the calculation are complicated, we present only an outline of the work necessary to determine by hand calculation the cohomology of V (2) . The main reason for outlining this work is to point out the existence of a phenomenon which the careful reader will already have noted in the previous section on X (2) . Now let us sketch the calculation. Studying the cohomology of V (2) via the spectral sequence for the extension 1 ! (Z=2Z) 5 ! V (2) ! Z=2Z Z=2Z ! 1, we must write the symmetric algebra of ?2 k as a direct sum of indecomposable modules. If we write P for the direct sum of the three nontrivial permutation Z=2Z Z=2Z-modules which are not free, and F for the free Z=2Z Z=2Z-module of rank 1, the multiplicities of the various modules in the symmetric algebra can be given in terms of Poincar e series:
Module (To study this di erential in an ad hoc manner one can use the restrictions to index 2 subgroups of V (2)|all of these are isomorphic to ((Z=2Z) 2 (Z=2Z) 2 ) o Z=4Z, and these groups are well understood since they are not far from being wreath products; in fact the cohomology of these groups is detected on abelian subgroups.) As in the previous section, the spectral sequence associated to the extension collapses at E 3 and E p;q 3 = 0 if p > 1. Remark 6.3. The interest of the method above lies in the odd coincidences that arise in the computations|that ?2 S 2j should be isomorphic to S 2j+1 , and that the di erential d 2 should contain the associated cohomology isomorphism. A similar phenomenon for the group X(2) was observed in the previous section. It is natural to wonder if these facts can be obtained by some simple method that does not involve ad hoc computations.
In any case, whether from a computer analysis, or following the outline above, one can obtain a number of facts about the cohomology of V (2) , which are catalogued below. Proposition 6.4. The Poincar e series of H (V (2)) is 1 ? x + x 2 (1 ? x) 3 (1 ? x 2 ) 2 ; which expands to 1+2x+6x 2 +11x 3 +22x 4 +36x 5 +60x 6 +90x 7 +135x 8 +190x 9 +266x 10 + . Proposition 6.5. H (V (2)) is detected on abelian subgroups. Remark 6.6. Note that the proposition above does not claim detection on elementary abelian subgroups.
We end our analysis of the groups V (n) on a topological note. One of the key properties of nite 2-groups with central involutions is that they act freely on a product of s spheres, where s is the rank of the largest elementary abelian subgroup. This number is known to be minimal for this property and interesting results can be derived from this (see 4]). One can prove that the universal V-groups also satisfy this, whence they seem to be rather special. In fact one can use the extension 1 ! U r ! V (n) ! W(n) ! 1 to prove: Proposition 6.7. Let s = dim 2 (F 2 ) denote the rank of the largest elementary abelian subgroup in V (n). Then there exist 2 n -dimensional real representations Z 1 ; : : : ; Z s of V (n) such that its diagonal action on the product of associated linear spheres X = S(Z 1 ) S(Z s ) is free.
Proof. Let x 1 ; : : : ; x r denote a basis for the subgroup U r . For each i one can construct a 1{ dimensional real representation of the Frattini subgroup of V (n) which restricts non-trivially to < x i >. This can then be induced to yield a 2 n -dimensional representation Z i for V (n). Doing the analogous construction for W(n) and pulling back to V (n), we obtain the representaions Z r+1 ; : : : ; Z s . It is elementary to verify that every involution in V (n) must acts freely on the product of associated spheres; indeed the unique maximal elementary abelian subgroup satis es this by construction. Remark 7.2. The observant reader will note that d 0;1 2 is merely a notation for a homomorphism determined by our W-group, and that we make no real use of spectral sequences.
Since this is an alternate proof, for the sake of simplicity we will assume j _ F= _ F 2 j = 2 n ; this means that we can simplify the notation by assuming that fi 1 ; : : : ; i l g = f1; : : : ; ng. We leave to the reader the minor modi cations necessary for the case in which _ F= _ F 2 is in nite.
Recall from the notational conventions in the proof of Theorem 4.1 that to each j] 2 J 2 =J 1 we can associate an element j 2 H 1 (G 2] G 2] F ), the corresponding coe cient is zero. This can be proved using a case by case analysis, in which division into cases depends on the multiplicities of the a i ] which appear in the monomial. We limit ourselves to providing a complete analysis for the case where all the multiplicities are 1; the other cases are very similar and left to the reader. 
